Abstract. The purpose of the present work is to study the complete and horizontal lifts of the metallic structure on tangent bundles with respect to almost product structure. We also establish fundamental formulae related to integrability and horizontal lifts of metallic structures on tangent bundles. Moreover, the study revealed the behavior on cross-section of metallic structure in M to tangent bundle T M .
Introduction
A general quadratic equation . The member of this family are, for example, the Gold Mean, the Silver Mean, the Bronze Mean, the Copper Mean, the Nickel Mean and many others. The devlopment of the Metallic Means Family are creditted by Kappraff [5] [6] [7] and Spinadel [17] [18] [19] [20] .
For differnt values of α, β in σ )(Gold Mean), which has been used in a significant of ancient cultures as a proportion basis to compose music, devise sculptures and painting or construct temples and palaces [18] .
(ii) The values of α = 2, β = 1 gives the Pell sequence 1, 1, 3, 7, 17. . . and σ ) (Bronze Mean), which plays pivotal role in studying topics such as dynamical systems and quasi-crystals [20] . ) (Nickel Mean), and so on. On the other hand, Crasmareanu and Hretcanu introduced and studied metallic structures on Riemannian manifold which are polynomial structures satisfying J 2 − pJ − qI, where p and q are positive integers [2] . Same authors studied the golden structure on manifold by using corresponding almost product structure [10] . Recently geometry of these structures has been studied in [1, 3, 4, 11] .
The approach of lift has significant role in novel differentiable geometry. By using the lift function, it is convenient to generalized to differentiable structures on any manifold M to its tangent bundle [15] . The complete, vertical, horizontal lifts of tensor field and connections on any manifold M to its tangent bundle T M has been obtained by Yano and Ishihara [8] . Das and the author [9] have been studied almost product structure by means of the complex, vertical and horizontal lifts of an almost r-contact structure.
The paper is structured as follows: In Section 2, definition and properties of the metallic structure are given. Section 3 is devoted to the study of the complete lift of the metallic structure in the tangent bundles and give an example of triple structure i.e. almost product structures, almost tangent structures and almost complex structures. In Section 4, we study integrability of the metallic structure on tangent bundles. We define horizontal lift of the metallic structure in the tangent bundle in Section 5. Finally, we study lifts of metallic structure on cross-section and establish some results related to Nijenhuis tensor on metallic structure.
The metallic structure on manifolds
Let M be a differentiable manifold of class C ∞ . A tensor field Ψ of type (1, 1) on M is called the metallic structure on M if Ψ satisfies the equation
where α, β are positive integers. Theorem 2.1 [10, 13] An almost product structure P induces the metallic structure as
Conversely, a metallic structure Ψ gives almost product structure P on M then
Let us define two projection operators r and s as
where P is an almost product structure. By writing Ψ = 1 2 (I + α 2 + 4βP ), we obtain r = 1
where σ Let R and S two complementary distributions in M corresponding to projection operators r and s, respectively [10, 13] . The projection operators r and s fulfill the accompanying relations:
Complete lifts of metallic structures in the tangent bundle
In differentiable manifold M , T p (M ) is the tangent space at a point p of M i.e. the set of all tangent vectors of M at p. the set of all tangent vectors of M at p. Then the set T M = p∈M T p (M ) is the tangent bundle over the manifold. The complete lift Ψ C of metallic structure Ψ has the local
Operating the complete lift on (2.1), we have (
This completes the proof.
Operating the complete lift on (2.2) and (2.3) using corresponding almost product structure, thus we have
is an almost product structure in M . Then its complete lift P C induces the metallic structures as:
Conversely, If Ψ ∈ ℑ 1 1 (M ) is a metallic structure. Then its complpete lift Ψ C yields an almost product structure in T M as
Using equation(3.5), let us introduce tangent metallic structure and complex metallic structure [13] :
3.1 Tangent metallic structure Let T be an almost tangent manifold on M , then
is said to be tangent metallic structure on (T M, T C ). In particular, Ψ
Complex metallic structure
If J be an almost complex manifold on M , then
is said to be the complex metallic structure on (T M, J C ). The tensor field Ψ C j satisfies the polynomial
In view of (2.1), it can be written as [13, 16] 
where F, P ∈ ℑ 1 1 (M ) and J = P • F . We have the relation
Integrability of the metallic structures on tangent bundles
In this section, first we establish the integrability condition of the metallic structure. After that integrability of metallic structures on tangent bundle are studied Let P, Ψ ∈ ℑ 1 1 (M ). The Nijenhuis tensor N P , N Ψ ∈ ℑ 2 1 (M ) are defined by [8, 10] 
for any X, Y ∈ ℑ 1 0 (M ), we have the relation [13] :
Suppose that X, Y ∈ ℑ 1 0 (M ) and Ψ ∈ ℑ 1 1 (M ), the complete lifts have properties [8] ":
From (2.5), (4.6), (4.7), (4.8), (3.2) and (3.3), we obtain
where
, which is solution of the equation Ψ 2 − αΨ − βI. It can easily be seen
respectively. Using equations (4.1) and (4.2) that
Proof. Let X and Y be vector fields in M . The distribution S is integrable iff [10] r(sX, sY ) = 0 (4.11)
Taking account of equation (4.11) and using (4.4), we find
where r C = (I − s) C = I − s C . Thus the proposition is proved.
Hence, we have the following proposition. Proposition 4.2 Let X and Y be vector fields in M . If the distribution S be integrable in M , i.e. rN Ψ (sX, sY ) = 0 [10] . Then S C is integrable in T M iff
Proof. Taking account of definition of Nijenhuis tensor N Ψ C in T M and equation (4.2), we have, for any X, Y ∈ ℑ 1 0 (M ),
Using the (4.14) along with (6.11), (4.7) and (4.8), we get
Multiplying both sides by 1 α 2 +4β r C and using (4.7) and (4.8), we obtain
Using equation (4.12), i.e. rN Ψ (sX, sY ) = 0 , we have
Thus the proposition is proved.
Proof. Let X and Y be vector fields in M and R is integrable if and only if [10] s(rX, rY ) = 0. (4.15)
By taking account of (4.15) and applying (4.4), we have
where s C = (I − r) C = I − r C . Thus the proposition is proved.
Proposition 4.4
Let X and Y be vector fields in M and the distribution R be integrable in M ,sN Ψ (rX, rY ) = 0 [10] . Then R C is integrable in T M iff
Proof. Let N Ψ C be the Nijenhuis tensor of Ψ C . Then from (4.10), we have
The equation (4.17) along with (6.11), (4.7) and (4.8) gives
Above equation multiplying by 1 α 2 +4β s C and applying (4.7) and (4.8), we get
The proposition is proved. 
Proof. By (4.3), (4.4) and (4.9), we have
C Thus (4.1), (4.2) and (4.4) imply
Proposition 4.6 Let Ψ be an integrable metallic structure. Then the metallic structure Ψ C is
Proof. Taking account of definition of Nijenhuis tensor N Ψ C in T M , we have from (4.10)
Using (4.4), we obtain 
The equations (4.18) and (4.19) are associated to the metallic structure
which is integrable since N Ψ ∂ ∂x , ∂ ∂y = 0.
Horizontal lift of the metallic structure
Suppose that there is a tensor fields S in M and ∇ γ S, ∇ is affine connection, in T M are given by
Now, we define the horizontal lift S H of a tensor field S in M to T M by
Operating the horizontal lift on (2.1), we get (Ψ 2 − αΨ − βI) H = 0. Taking account of (5.1) and
we see that Ψ H is a metallic structure in T M .
Let us introduce a tensor fieldJ of type (1,1) in T M bỹ
then it is easily to show thatJ
ThusJ is a metallic structure in T M and we have Theorem 5.2 Let Ψ be a metallic structure in M with affine connection∇. ThenJ defined bỹ
is also a metallic structure in T M .
Lifts of metallic structure on a cross-section
Let V be a vector field in n-dimensional manifold M and T M its tangent bundle. An n-dimensional submanifold β V (M ) of T M is called the cross section determined by V , where β V is a mapping
If the vector field V has local components V h (x) in M then the cross section is locally defined by [8] 
with respect to the induced coordinates (
0 (M ) and the local component of vector field BX is 2) in T M , where BX is tangent to β V (M ) and defined globally along β V (M ). The local component of vector field is 
for any X ∈ ℑ 1 0 (M ), where L V X denotes the Lie derivative of X with respect to V . The complete lift X C and vertical lift X V of a vector field X in M along β V (M ) with local components has components of the form 
then we have along the cross section β V (M ) the formula
Thus we have Theorem 6.1 [8] The complete lift Ψ C of a metallic structure Ψ of ℑ 
